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It is especially Interesting 2 >,s> that positive and negative charges are bound equally well to a vortex nng, whereas only negative ions are trapped in the vortex lines produced by rotatmg liquid helium in a bucket at higher temperatures of about 1 7 r-J 1 2°K. R J Donnelll> explmned this problem usmg a classical rotatmg flmd model and the steady-state Smoluchowski equatiOn However, we feel It Is necessary to treat the process of trapping by a vortex hne In liquid helium from a quantum mechanical viewpmnt (by Hartree many-body theory), taking into account both the short range repulsive helium-ion InteractiOn and the long range polanzation of the helium atoms by an ion We set up the Hariree field equations for liquid helmm containing an Impunty and the Schrodmger equatiOn for the Impurity Interacting with the hqmd helium Then we place this liquid helium in a rotatmg bucket and wnte down these equatiOns for the case of existence of a vortex hne We examme the condition for a bound state and calculate the upper bound for the effective mass of the ion to be trapped by the vortex line Then we proceed to explain the mechanism of wn trapping by a vortex line and a vortex ring. *) Th1s work IS supported by a grant from the Matsunaga Science Foundatwn § 2. Ion trapping by a vortex line
We consider a charged impunty in a Bose gas w1th a short range repulsive interactiOn and a long range attractive polanzation force on the bosons due to the charge. Let the second-quantized field operators of the ion and the boson be <j J (r) and cp (:r)
Then theu many-body equatiOns of motwn ,are given m the Hartree field of cp (r) in the form 
=0 
In Eq. (4) the polarization term is much smaller (by a factor of 10-
3 ) compared to the seco~d term and we neglect this term hereafter. Now we place the whole system in a rot~ting bucket in which the angular rotation is such that we have a single vortex line. The vortex line correspond to a solution of ( 4) and (5) possessing a symmetry relative to some ax1s.
Transforming to cylindrical coordinates r, cp, z and setting
we obtain the ·following equation for F. For regwn I, we have
Equation (7) is the equation found by Pitaevskii, 
where ~ is r/ a. The properties of Eqs. (9) ·and (10) can be summed up in one expressiOn :
If we introduce a parameter
Eq. (12) can be written by setting F(r) = cp (r/ a') as -~---~ Yj :
where We summanze Eqs (16) and (17) as
In regwn III we have 97(r)=O 
The behavior of l97(r) 1 2 is shown In Fig. 2 Actually f(r) IS a quantity which should be obtained by solving Eqs. (1) and (2) In a self-consistent way. However, we assume It IS solved by a simple locabzed-wn model. Now we want to solve the Schrodmger equatiOn (1) for the ion wave functwn <jJ (r). We let the quantity s of the IOnic regwn II approach zero so that we have only g'l9?o(r) 1 2 as a repulsive hard core contact potential between the wn and the bosons We insert Eq (11) Into Eq (1) and obtain
2M* where
We compute this vp (r) in the coordmate system given In Fig 3 Here 0' is the center of the ion, the axis passing through 0 in parallel to the z axis is a vortex bne and A is the location of the helium atom, over which we integrate in Eq. 
We keep only terms up to r± 2 hereafter, because our approximatiOns are not good enough to order ,-± We msert Eq (22) mto Eq (19) and seek a solution !',ymmetnc w1th respect to the z axis That IS we put
Then we have
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We rewnte Eq (24) as follows.
The solution of Eq (25) IS 
As a rough estimate, we assume a hard sphere interaction. Then the coupling constants, g and g' are expressed as
where aRe is the hard core diameter of a helium atom. If we use the value Na=0.125, where N is Avogadro's number, put aRc=2.6A and m* equal to the helium mass, we can express (28) in terms of x=M*/m* and y=b/aRe·
For a given value of y, the upper bound value of x is ( 1484
and for a given value of x, the lower bound value of
In the next Table I , we list the upper bound value for x which makes X 2 negative for various lower bounds of the ion-helium radial ratio. Therefore if the ion mass is the same as the helium mass, the radius of the ion must be greater than 36.0A. If the radius of an ion is smaller than 3 times the helium core diameter, there will be no binding however much. smaller the mass is, and the closer the diameter ratio is to the value three, the lighter must be the mass ratio. Xupper bound=(M*/m_*_) -~~--0~11/~1~/;1 T ;6 ~/~5 ·~~ ·--:;~·--~-~;-~~ ~1--~-.-.. -
where
and Ki!"A.' is the modified Bessel function. We connect the time derivatives of the logarithms of the wave functions (27) and (32) at r= a, as giVen by
where the pnme IS d/ dr. If we use the asymptotic form giVen by Fetter, 6 ) JC -fr log Ki !A.! (Jea) :::::::-
we find 2 2 4 (.
where n is some positve integer and c is some constant (smaller than n) related to the phase shift of the potential. The energy of the ion is given in our approximation by
The binding energy is given by
The order of magnitude of this is 10-3 '""""' 10-1 ev if we take the effective mass of the negative ion to be 100 electron masses. to 10 electron masses and the ionic radius is taken to be about 12 ,.._, 14A. This is in good agreement with the experimental value given by Douglass 3 ) and Donnelly.
) § 3. Discussion
From the preceding section we have seen that if the ionic radius Is more than three times bigger than that of the helium atom and the mass is than the helium mass, the ion can be trapped by a vortex line, and that if the ionic mass is the same as the helium mass, then the ionic radius must be greater than 27.7 times the helium core diameter. From the experimental data, a negative ion is guessed to have a mass of order of 100 7 ) me or lighter (the co~e of which is a single electron) and to have a radius of 12.0,...._, 14.5A, 8 ) while a positive ion is guessed to have 100 helium masses (the core of, which is a single positive helium ion) and to have a radius of 6.44A 8 ) (b= 5aHe). Therefore from our discussion of the upper bound of the ion-helium mass ratio and the lower bound of the ion-helium diameter ratio, we can explain why only negative ions can be trapped by a vortex line, in which case the diameter ratio 9.2......., 11 gives the upper bound of the ionic mass as 1/24,.._, 1/15 helium mass.
Now we turn to the problem of a vortex ring, in which either a negative or a· positive ion can be trapped. The mechanism of charge trapping by a vortex ring may be considered in the following way.
(a) Negative ion
Because the radial diameter of the vortex nng IS about 100 times greater than that of the core section of the ring, we may approximate a vortex ring by a vortex line which has a slight spatial curvature. The negative ion is trapped by the core of the ring as in the case of negative ion trapping by a vortex line; the ion may circulate through the ring core, but it cannot escape from the core when the electric :field of 10 2 ev /em, is applied over the ring diameter of I0-6 cm, because of the binding energy of 10- In region I. However, because of the potential barrier in one dim~nsion as , shown in Fig. 4 , the ion cannot ·pass through the region II and escape into region III. As the lowest energy point 1s at the ring center, the positive ion stays in the center. Now let us discuss the stability of the positive ion at the center with respect to the z direction. The potential barrier at z=s is h 2 A. 2 /(2M*(R 2 +s 2 )), and is smaller than the one at z = 0 which is given by (h 2 /2M*)A.
where R is the radius of the ring. Therefore the center of the ring is unstable for the ion with respect to the z direction. Thus the positive ion begins to move in the z direction with a relative velocity ui-dz/ dt with respect to the ring (u 1 : velocity of the ion and dz/ dt: velocity of the ring). However, as soon as the ion moves quicker, the following two processes may occur. If the ion moves quicker, it will produce a small vortex ring attracted to the ion with the same circulation as the original ring. Because the sense of the circulation of the two rings is the same, they attract each other and therefore the ion which is attached to the small ring is also attracted by the original ring and it moves back to the center. The other process is the follqwing. If the ion in the center moves with a certain velocity relative to the original ring, it produces a shock wave of which the front line has a thicker helium density. However, this shock wave cannot pass over the core of the ring because there is a vacuum in the core. Therefore the ion suffers a reaction from the helium density around the ring, bounce~ back to the center, moves backward farther and receive a forward re~ction from the backward shock wave. Therefore the ion oscillates at the center of the ring on the z axis. This latter process may be, considered as follows. When the ion has a relative velocity ui-dz/dt with respect to the ring, it interacts with the surrounding liquid helium; the quasi-particle corresponding to the ion becomes bigger and its radius becomes greater than the ring radius, so that this quasi-particle cannot pass through the ring and it suffers a reaction from the ring. Thus the ion gets decelerated and bounces back to the center and its size diminishes. Therefore the ion oscillates about the center on the z axis, while the size of the ion quasi-particle changes periodically with this oscillation.
